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Abstrat
The nonperturbative analysis of the one-partile exitation of the eletron-positron eld is made in
the paper. The standard form of quantum eletrodynamis (QED) is used but the oupling onstant
α0 is supposed to be of a large value (α0 ≫ 1). It is shown that in this ase the quasi-partile
exitation an be produed together with the non-zero salar omponent of the eletromagneti eld.
Self-onsistent equations for spatially loalized harge distribution oupled with an eletromagneti
eld are derived. Soliton-like solution with a nonzero harge for these equations are alulated
numerially. The solution proves to be unique if the oupling onstant is xed. It leads to the
ondition of harge quantization if the non-overlapping n-soliton states are onsidered. It is also
proved that the dispersion law of the soliton-like exitation is onsistent with Lorentz invariane of
the QED equations.
PACS: 12.20.DS, 11.10.Gh
Keywords: nonperturbative theory, quen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2I. INTRODUCTION
The problem of quantum eletrodynamis (QED) with strong a oupling between
eletron-positron and eletromagneti fields (the so-alled "large-α QED") was de-
veloped by many authors (for example, [1℄ and itation therein). QED is a physial
system with well defined Hamiltonian, so the approbation of various methods for this
theory is of great interest for non-perturbative analysis of atual problems of quantum
hromodynamis (for example, [2℄,[3℄ and itation therein).
One of the main approahes in this field is related to the Shwinger-Dyson equation
(SD). the ritial value of the oupling onstant αc ∼ 1 separating the regions of weak
and strong oupling was disovered for this equation [4℄. The existene of the ritial
point αc ould affet some observed physial phenomena as some authors onsidered
[5℄. Atually the SD equation defines the self-energy part of the fermion propagator
and results from the aurate QED equations if the orretions for the vertex funtion
and the Green's funtion of the eletromagneti field are not taken into aount. This
orresponds to one of the variants of "quenhed QED"when the trunated Fok basis is
used for the variational perturbation theory [6℄. A detailed analysis of nonperturbative
approahes in large-α QED has been reently disussed in paper [1℄.
It is important to pay attention to the fat that the mathematial struture of the
interation operator in QED is similar in many respets to the operator of the in-
teration between eletron and quantum field of optial phonons in the ioni rystal,
the so-alled problem of a large-radius "polaron"desribed by the Frohlih Hamilto-
nian [7℄. This situation was reently used by authors of [8℄ for nonperturbative mass
renormalization in the framework of "quenhed QED". They made the variational
estimation of the funtional integral for QED on the basis of Feynman's approah to
the "polaron"problem [9℄.
The main effet of the strong interation between the eletron and quantum field is
defined by formation of the soliton-like ("polaroni") self-loalized state of the partile
oupled with the lassial omponents whih are seleted from the quantum field by the
partile itself. It was first disovered by Pekar [10℄ and investigated rigorously in the
papers [11℄,[12℄. It was also proved that the soliton-like exitation (SLE) orresponds
to the leading term in the series of α−1 for the Frohlih Hamiltonian [11℄. Later a lot
of different forms of the quasi-partiles arising as a result of a "polaroni"effet were
desribed for many onrete physial systems.
Then the following question is of interest: ould some SLE exist in the framework
of "large-α QED"? It is important to mention that the answer to this question an-
not be found on the basis of SD equation. The matter is that the integral equation
3for the self-energy funtion was introdued for the "polaron"problem by Pines [13℄
and it is analogous to SD equation for QED. However, it is well known [14℄, that
Pines equation does not allow one to desribe the strong oupling limit for the "po-
laron"problem orretly beause the bound state of the eletron and phonons is not
inluded in this equation. It appeares that the essential reonstrution of the wave
funtion both for eletron and phonon field should be taken into aount in zeroth
approximation diretly if the series in the power of α−1 is used for desribing of SLE
[11℄,[12℄. If the same problem is onsidered on the basis of the variational estimation
for funtional integrals some model system qualitatively different from noninterating
partiles should also be used for alulating the ation in zeroth approximation di-
retly [9℄. Partiularly, the harmoni interation between eletron and some fititious
partile was used for the "polaron"model, that the oupling onstant and the mass of
this partile being onsidered as the variational parameters [9℄.
In this paper it is shown for the first time that SLE an also be found for QED if the
original oupling onstant for the interation between eletromagneti and eletron-
positron fields is supposed to be large α0 ≫ 1. As distint from "polaron"the self-
loalized SLE for QED is the quasi-partile exitation of the eletron-positron field
orresponding to a spatial harge distribution with a non-zero integral harge oupled
with a lassial salar omponent of the eletromagneti field separated by the same
harge density (see also [15℄). In the terms of "quenhed QED"it orresponds to the
trunated Fok basis whih onsists of the linear superposition of one-partile exi-
tation of the eletron-positron field, non-zero salar field and vauum state for the
transversal photons of the eletromagneti field.
The trunation of Fok spae used in this paper differs greatly from other non-
perturbative approahes (see, for example, [1℄ and referenes therein) beause of the
inlusion of a strong loalized salar field. However, it should be notied that a similar
variant of the quenhed QED was reently onsidered in the paper [17℄ on the basis of
mean-field approximation. Some general theorems were proved in this paper but the
alulation of some onrete harateristis of the system was not given.
It is also shown in the paper that SLE with a non-zero harge orresponds to the
minimum of the energy for one-parile exitation of the system. The harateristis of
SLE are defined by self-onsistent equations for eletron-positron wave funtions and
a salar field. The equations are derived on the basis of an operator method (OM)
introdued earlier for non-perturbative desription of quantum systems ( for example,
[18℄ and referenes therein). These results are desribed in § 2.
The solution of these nonlinear self-onsistent equations is onsidered in § 3 on the
basis of the numerial method developed earlier for the "polaron"problem [19℄. It is
4shown that a non-trivial solution of these equations exists for a unique value of SLE
integral harge. It an be onsidered as the ondition of a harge quantization similar
to that whih appeared due to Dira's monopole [20℄ .
The dependene of SLE energy E( ~P ) on its total momentum ~P is analyzed in § 3. It
is well known [21℄ that this dispersion law for any one-partile exitation should be of
a relativisti form beause of Lorentz-invariane of QED. The problem of the relation
between the loalization of eletron and translational invariane of the whole system
also appeared for "polaron". It was rigorously solved by authors [11℄,[16℄. They proved
that the "polaron"state vetor did not atually break the translational symmetry of the
system beause the onrete point of its loalization ould be arbitrary in the spae [22℄.
As is known, the dispersion law is rather ompliated for the "polaron"problem and it
is very diffiult to find its general form analytially beause the variables desribing
the internal dynamis of the system are not separated from the translational variables
[16℄.
The alulation of E( ~P ) for QED (§ 3) showed that SLE loalization did not on-
tradit Lorentz-invariane of the whole system. It is also important that SLE internal
degrees of freedom are separated from the translational motion and as a result its
dispersion law E( ~P ) orresponds exatly to onventional dynamis of a relativisti
free partile.
II. SELF-CONSISTENT EQUATIONS FOR ONE-PARTICLE EXCITATION IN QED
Let's onsider an exat Hamiltonian QED in the Coulomb gauge [23℄, [17℄. This
representation is most onvenient for us beause it extrats the eletrostati interation
whih, by definition, makes the main ontribution to the vauum polarization in the
strong oupling limit:
Hˆ =
∫
d~r{ψˆ∗(~r)[~α(~p+ e0 ~ˆA(~r)) + βm0]ψˆ(~r) + e0ϕˆ(~r)ρˆ(~r)− 1
2
(~∇ϕˆ(~r))2}+
∑
~kλ
ω(~k)nˆ~kλ;
ρˆ(~r) =
1
2
[ψˆ∗(~r)ψˆ(~r)− ψˆ(~r)ψˆ∗(~r)]. (1)
We suppose here that the field operators are given in the Shrodinger representation,
the spinor omponents of the eletron-positron operators being defined in the standard
way [23℄
5ψˆν(~r) =
∑
s
∫ d~p
(2π)3/2
{a~psu~psνei~p~r + b+~psv−~p−sνe−i~p~r};
ψˆ∗ν(~r) =
∑
s
∫ d~p
(2π)3/2
{a+~psu∗~psνe−i~p~r + b~psv∗−~p−sνei~p~r}. (2)
In these formulas ~α, β are Dira matrixes; u~psν and v~psν are the omponents of the
bispinors orresponding to the solutions of Dira equation for the free "bare"eletron
and positron with the momentum ~p and spin s; a~ps(a
+
~ps) and b~ps(b
+
~ps) are the annihi-
lation (reation) operators for the "bare"eletrons and positrons in the orresponding
states. The field operator
~ˆA(~r) and the operator of the photon number nˆ~kλ are related
to the transversal eletromagneti field and their expliit form will be written below.
It should be remembered that the parameter e0 was introdued as a positively defined
value.
We should also disuss the dependene of the QED hamiltonian on the operator of
the salar field
ϕˆ(~r) =
√
4π
∫
d~kϕˆ~ke
i~k~r. (3)
It is known[23℄, that these operators an be exluded from the Hamiltonian in the
Coulomb gauge. For that purpose one should use the solution of the operator equa-
tions of motion for ϕˆ~k assuming that the "bare"eletrons are point-like partiles and
"self-ation"is equivalent to the substitution of the initial mass for the renormalized
one. As a result the terms with salar fields in the Hamiltonian are redued to the
Coulomb interation between the harged partiles. However, this transformation of
the hamiltonian (1) annot be used in this paper beause just the dynamis of the
mass renormalization is the subjet under investigation.
There is another problem onneted with a negative sign of the term orresponding
to the self-energy of the salar field. If the non-relativisti problems were onsidered
then the operator of the partile kineti energy would be positively defined and the
negative operator with the square-law dependene on ϕˆ(~r) would lead to the "fall on
the enter"[24℄ as the energy minimum would be reahed at an infinitely large field
amplitude. However, if the relativisti fermioni field is onsidered then the operator
of the free partile energy (the first term in formula (1)) is not positively defined.
Besides, the states of the system with the negative energy are filled. Therefore, the
stable state of the system orresponds to the energy extremum (!) (the minimum one
for eletron and the maximum one for positron exited states). It an be reahed at
the finite value of the field amplitude (see below). The same reasons enable one to
6suessfully use the states with indefinite metri [25℄ in QED although it leads to some
diffiulties in the non-relativisti quantum mehanis.
Aording to our main assumption about the large value of the initial oupling
onstant e0 we are to realize the nonperturbative desription of the exited state
whih is the nearest to the vauum state of the system. The basi method for the
nonperturbative estimation of the energy is the variational approah with some trial
state vetor |Φ1 > for the approximate desription of the one-partile exitation. The
qualitative properties of the self-onsistent exitation in the strong oupling limit [10℄
show that suh trial vetor should orrespond to the general form of the wave paket
formed by the one-partile exitations of the "bare"eletron-positron field. Besides,
the effet of polarization and the appearane of the eletrostati field ϕ(~r) should be
taken into aount, so we onsider |Φ1 > to be the eigenvetor for the operator of
the salar field. Now, let's introdue the following trial vetor depending on the set
of variational lassial funtions U~qs; V~qs;ϕ(~r) for the approximate desription of the
quasi-partile exited state of the system:
|Φ1 >≃ |Φ(0)1 (U~qs; V~qs;ϕ(~r)) >=
∫
d~q{U~qsa+~qs + V~qsb+~qs}|0; 0;ϕ(~r) >;
ϕˆ(~r)|0; 0;ϕ(~r) >= ϕ(~r)|0; 0;ϕ(~r) >; a~qs|0; 0;ϕ(~r) >= b~qs|0; 0;ϕ(~r) >= 0. (4)
The ground state of the system is |Φ0 >= |0; 0; 0 >, if we use the same notation. It
orresponds to the vauum of both interating fields.
Firstly, let's onsider the exitation with the zero total momentum. Then the on-
struted trial vetor should satisfy the normalized onditions resulting from the defi-
nition of the total momentum
~P and the observed harge e of the "physial"partile:
< Φ
(0)
1 | ~ˆP |Φ(0)1 >=
∑
s
d~q~q[|U~qs|2 + |V~qs|2] = ~P = 0;
∑
s
d~q[|Uqs|2 + |Vqs|2] = 1. (5)
< Φ
(0)
1 |Qˆ|Φ(0)1 >= e0
∑
s
d~q[|Vqs|2 − |Uqs|2] = e. (6)
The ondition (5) requires that the funtions Uqs and Vqs should depend on the mod-
ulus of the vetor ~q only. Besides, one should take into aount that the trial vetor
|Φ(0)1 > is not the aurate eigenvetor of the exat integrals of motion Qˆ and ~ˆP as
it represents the aurate eigenvetor of the hamiltonian |Φ1 > only approximately.
Therefore, in the onsidered zero approximation the onservation laws for momentum
7and harge an be satisfied only on average, and this leads to the above written nor-
malized onditions. Generally, equation (6) should not be onsidered as the additional
ondition for the variational parameters but as the definition of the observed harge
of the "physial"partile at the given value of the initial harge of the "bare"partile.
Therefore the sign of the observed harge is not fixed a priori,the same was the ase
for the qualitative estimation in [15℄. Calulating the sequential approximations to
the exat state vetor |Φ1 > (see §4) should restore the aurate integral of motion as
well. An analogous problem appears in the "polaron"theory when the momentum on-
servation law was taken into aount for the ase of the strong oupling (for example,
[11℄, [16℄).
In this respet the variational approah differs greatly from the perturbation theory
where the zero approximation for one-partile state is desribed by one of the following
state vetors:
|Φ1 >≃ |Φ(PT )1 e >= a+~Ps|0; 0; 0 >; |Φ1 >≃ |Φ
(PT )
1 p >= b
+
~Ps
|0; 0; 0 > . (7)
These vetors don't depend on any parameters and are eigenvetors of the momen-
tum and harge operators. But they orrespond to one-partile exitations determined
by the harge e0 of the "bare"eletron and the field ϕ(~r) = 0. We suppose that the
introdution of the variational parameters into the wave funtion of the zero approxi-
mation will enable us to take into aount the vauum polarization, but the variational
approah in this form allows to onserve the exat integral of motion only on average.
This problem will be onsidered in more detail below (§ 4).
So, the following variational estimation for the energy E1( ~P = 0) of the state orre-
sponding to the "physial"quasi-partile exitation of the whole system is onsidered
in the strong oupling zero approximation:
E1(0) ≃ E(0)1 [Uqs; Vqs;ϕ(~r)] =< Φ(0)1 |Hˆ |Φ(0)1 >, (8)
where the average is alulated with the full hamiltonian (1) and the funtions
Uqs; Vqs;ϕ(~r) are to be found as the solutions of variational equations
∂E
(0)
1 (Uqs; Vqs;ϕ(~r))
∂Uqs
=
∂E
(0)
1
∂Vqs
=
∂E
(0)
1
∂ϕ(~r)
= 0 (9)
under some additional onditions (5 - 6).
It is quite natural, that the ground state energy is alulated in the framework of
the onsidered approximation as follows:
8E0 ≃ E(0)0 =< Φ0|Hˆ|Φ0 > . (10)
Then the energy of the quasi-partile representing the "physial"eletron (positron)
is alulated by the formula
E( ~P = 0) = E
(0)
1 − E(0)0 . (11)
Further disussion is needed in onnetion with the appliation of the variational
priniple (8-9) for estimating the energy of the exited state, beause usually the
variational priniple is used for estimating the ground state energy only. As far as we
know it was first applied in [27℄, [26℄ for nonperturbative alulation of the exited
states of the anharmoni osillator with an arbitrary value of anharmoniity . This
approah was alled the "priniple of the minimal sensitivity". It was shown in our
paper [28℄, that the appliation of the variational priniple to the exited states is
atually the onsequene of the fat that the set of eigenvalues for the full Hamiltonian
doesn't depend on the hoie of the representation for eigenfuntions. As a result, the
operator method (OM) for solving Shrodinger equation was developed as the regular
proedure for alulating further orretions to the zero-order approximation. Later
OM was applied to a number of real physial systems and proved to be very effetive
when alulating the energy spetrum in the wide range of the Hamiltonian parameters
and quantum numbers ([18℄ and the ited referenes). These results an serve as the
bakground for the appliation of the variational estimation to the exited state energy
in QED.
The average value in Eq. (8) is alulated negleting the lassial omponents of
the vetor field (its quantum flutuations should be taken into aount in the further
approximations)
< Φ
(0)
1 |ψˆ∗(~r)[~α ~ˆA(~r)]ψˆ(~r)|Φ(0)1 >= 0. (12)
It should be noted that the possibility of onstruting self-onsistently the renormal-
ized QED at the non-zero vauum value of the salar field operator was onsidered
before [29℄ but the solution itself of the orresponding equations was not disussed.
It is also essential that the normal ordering of the operators wasn't introdued in
the hamiltonian (1). Therefore, its average value inludes the infinite values orre-
sponding to the vauum energies of eletron-positron field for both the ground and
the exited states. However, if the normalized onditions (5) are fulfilled these values
are ompensated in expression (11) for the quasi-partile energy. Then the funtional
9for determining the zero approximation for the energy of the one-partile exitation
is defined as follows:
E( ~P = 0) =
∫
d~r
∫ d~q
(2π)3/2
∫ d~q′
(2π)3/2
∑
s,s′
∑
µ,ν
{U ∗q′s′u∗~q′s′µ[(~α~q + βm0)µν +
e0ϕ(~r)δµν]Uqsu~qsν −
Vq′s′v
∗
~q′s′µ[(~α~q + βm0)µν + e0ϕ(~r)δµν]V
∗
qsv~qsν}ei(~q−~q
′)~r −
1
2
∫
d~r[~∇ϕ(~r)]2. (13)
In order to vary the introdued funtional let us define the spinor wave funtions (not
operators) whih desribe the oordinate representation for the eletron and positron
wave pakets in the state vetor |Φ(0)1 >:
Ψν(~r) =
∫ d~q
(2π)3/2
∑
s
Uqsu~qsνe
i~q~r;
Ψcν(~r) =
∫ d~q
(2π)3/2
∑
s
V ∗qsv~qsνe
i~q~r. (14)
In partiular, if the trial state vetor is hosen in one of the forms (7) of the standard
perturbation theory, the wave funtions (14) oinide with the plane wave solutions
of the free Dira equation. For a general ase the variation of the funtional (13) by
the salar field leads to
E(0) =
∫
d~r{Ψ+(~r)[(−i~α~∇ + βm0) + 1
2
e0ϕ(~r)]Ψ(~r)−
Ψ+c(~r)[(−i~α~∇+ βm0) + 1
2
e0ϕ(~r)]Ψ
c(~r);
∫
d~r[Ψ+(~r)Ψ(~r) + Ψ+c(~r′)Ψc(~r′)] = 1; (15)
ϕ(~r) =
e0
4π
∫ d~r′
|~r − ~r′| [Ψ
+(~r′)Ψ(~r′)−Ψ+c(~r′)Ψc(~r′)]; (16)
∫
d~r[Ψ+(~r)Ψ(~r) + Ψ+c(~r′)Ψc(~r′)] = 1. (17)
The main ondition for the existene of the onsidered nonperturbative exitation
in QED is defined by the extremum of the funtional (15) orresponding to a non-
zero lassial field. The struture of this funtional shows that suh solutions of the
10
variational equations ould appear only if the trial state vetor simultaneously inluded
the superposition of the eletron and positron wave pakets.
Equation (15) and the Fourier representation (4) for the trial vetor learly indiate
that the assumption onerning the loalization of the funtions Ψ(~r) near some point
doesn't ontradit the translational symmetry of the system beause this point an
itself be situated at any point of the full spae with equal probability. The general
analysis of the orrelation between the loal violation of the symmetry and the on-
servation of aurate integral of motion for the arbitrary quantum system was first
disussed in detail by Bogoluibov in his widely known paper "On quasi-averages"[22℄.
A similar analysis of the problem in question will be given in § 4.
Varying the funtional (15) by the wave funtions Ψ(~r) è Ψc(~r) taking into aount
their normalization leads to the equivalent Dira equations desribing the eletron
(positron) motion in the field of potential ϕ(~r):
{(−i~α~∇+ βm0) + e0ϕ(~r)}Ψ(~r) = 0;
{(−i~α~∇+ βm0) + e0ϕ(~r)}Ψc(~r) = 0. (18)
But it is important that in spite of the normalized ondition (17) for the total state
vetor (14) eah of its omponents ould be normalized differently
∫
d~rΨ+(~r)Ψ(~r) =
1
1 + C
;
∫
d~rΨ+c(~r′)Ψc(~r′) =
C
1 + C
. (19)
The onstant C is arbitrary up to now. It defines the ratio of two harge states in
the onsidered wave paket. As a result the self-onsistent potential ϕ(~r) of the salar
field depends on C beause of the equation (16).
We should disuss the proedure of separating variables in more detail, beause of
the non-linearity of the obtained system of equations for the wave funtions and the
self-onsistent potential. Sine the onsidered physial system has no preferred vetors
if
~P = 0, it is natural to regard the self-onsistent potential as spherially symmetrial.
Then the variable separation for the Dira equation is realized on the basis of the well
known spherial spinors [25℄:
ΨjlM =

 g(r)ΩjlM
if(r)Ωjl′M

 . (20)
11
Here ΩjlM are the spherial spinors [25℄ desribing the spin and angular dependene
of the one-partile exitation wave funtions; j,M are the total exitation momentum
and its projetion respetively, the orbital momentum eigenvalues are onneted by the
orrelation l+l′ = 2j. It is natural to onsider the state with the minimal energy as the
most symmetrial one, orresponding to the values j = 1/2;M = ±1/2; l = 0; l′ = 1.
This hoie orresponds to the ondition aording to whih in the non-relativisti limit
the "large"omponent of the spinor Ψ ∼ g orresponds to the EPF eletroni zone.
Then the unknown radial funtions f, g satisfy the following system of the equations:
d(rg)
dr
− 1
r
(rg)− (E +m0 − e0ϕ(r))(rf) = 0;
d(rf)
dr
+
1
r
(rf) + (E −m0 − e0ϕ(r))(rg) = 0. (21)
The states with various projetions of the total momentum should be equally popu-
lated in order to be onsistent with the assumption of the potential spherial symmetry
with the equation (16). So, the total wave funtion of the "eletroni"omponent of
the EPF quasi-partile exitation is hosen in the following form:
Ψ =
1√
2
[Ψ1/2,0,1/2 +Ψ1/2,0,−1/2] =

 g(r)χ
+
0
if(r)χ+1

 ;
χ+l =
1√
2
[Ω1/2,l,1/2 + Ω1/2,l,−1/2]; l = 0; 1. (22)
In its turn, the wave funtion Ψc is defined on the basis of the following bispinor:
ΨcjlM =

−if1(r)ΩjlM
g1(r)Ωjl′M

 . (23)
The radial wave funtions f1, g1 in this ase satisfy the following system of equations
d(rg1)
dr
+
1
r
(rg1)− (E +m0 + e0ϕ(r))(rf1) = 0;
d(rf1)
dr
− 1
r
(rf1) + (E −m0 + e0ϕ(r))(rg1) = 0. (24)
These equations orrespond to the positroni branh of the EPF spetrum with the
"large"omponent ∼ g1 in the non-relativisti limit.
It is important to note that the funtions Ψ and Ψc satisfy the equations (15) with
the same energy E(0). It imposes an additional ondition of the orthogonality on them:
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< Ψc|Ψ >= 0. (25)
Taking into aount this ondition and also the requirement that the states with
different values of M should be equally populated one finds the "positroni"wave
funtion
Ψc =
1√
2
[Ψc1/2,0,1/2−Ψc1/2,0,−1/2] =

−if1(r)χ−0
g1(r)χ
−
1

 ;
χ−l =
1√
2
[Ω1/2,l,1/2− Ω1/2,l,−1/2]; l = 0; 1. (26)
The equation for the self-onsistent potential follows from the definition of ϕ(r) in
formula (18)taking into aount the normalization of the spherial spinors [25℄:
d2ϕ
dr2
+
2
r
dϕ
dr
= − e0
4π
[f 2 + g2 − f 21 − g21]. (27)
The boundary ondition for the potential is equivalent to the normalization ondition
(6) and defines the harge of the "physial"eletron (positron) e
ϕ(r)|r→∞ = e
4πr
=
e0
4πr
∫ ∞
0
r21dr1[f
2(r1) + g
2(r1)− f 21 (r1)− g21(r1)]. (28)
It is important to stress that the form of the funtions given above is defined pra-
tially uniquely by the imposed onditions. At the same time the obtained equations
are onsistent with the symmetries defined by the physial properties of the system.
The first symmetry is quite evident and relates to the fat that the exitation energy
doesn't depend on the hoie of the quantization axis of the total angular momentum.
Moreover, these equations satisfy the ondition of the harge symmetry [25℄. Indeed,
by diret substitution, one an hek that one more pair of bispinors leads to the
equations ompletely oiniding with (21),(24)
Ψ˜jlM =

 ig1(r)Ωjl′M−f1(r)ΩjlM

 ; (29)
Ψ˜cjlM =

 −f(r)Ωjl′M−ig(r)ΩjlM

 . (30)
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It means that these bispinors allow one to find another pair of the wave funtions
whih are orthogonal to eah other and to the funtions (22),(26) but inlude the same
set of the radial funtions
Ψ˜ =

 ig1(r)χ
−
1
−f1(r)χ−0

 ; Ψ˜c =

 −f(r)χ+1−ig(r)χ+0

 . (31)
These funtions differ from the set (22),(26) in that they have a different sign of the
observed harge of the quasi-partile due to the boundary ondition (28).
Let us now proeed to the solution of the variational equations. It follows from the
qualitative analysis that the important property of the trial state vetor freedom is the
relative ontribution of the eletroni and positroni omponents of the wave funtion.
Therefore let us introdue the variational parameter C in the following way:
∫ ∞
0
r2dr[f 2(r) + g2(r)] =
1
1 + C
;
∫ ∞
0
r2dr[f 21 (r) + g
2
1(r)] =
C
1 + C
. (32)
The dimensionless variables and new funtions an be introdued
x = rm0; E = ǫm0; e0ϕ(r) = m0φ(x);
e20
4π
= α0;
u(x)
√
m0 = rg(r); v(x)
√
m0 = rf(r); u1(x)
√
m0 = rg1(r); v1(x)
√
m0 = rf1(r).(33)
As a result the system of equations for desribing the radial wave funtions of the
EPF one-partile exitation and the self-onsistent potential of the vauum polariza-
tion an be obtained.
du
dx
− 1
x
u− (ǫ+ 1− φ(x))v = 0;
dv
dx
+
1
x
v + (ǫ− 1− φ(x))u = 0;
du1
dx
+
1
x
u1 − (ǫ+ 1 + φ(x))v1 = 0;
dv1
dx
− 1
x
v1 + (ǫ− 1 + φ(x))u1 = 0;
φ(x) = α0[
∫ ∞
x
dy
ρ(y)
y
+
1
x
∫ x
0
dyρ(y)];
ρ(x) = [u2(x) + v2(x)− u21(x)− v21(x)]. (34)
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III. NUMERICAL SOLUTION OF THE SELF-CONSISTENT EQUATIONS
The mathematial struture of equations (34) is analogous to that of the self-
onsistent equations for loalized state of "polaron"in the strong oupling limit
[11℄,[12℄. Therefore the same approah an be used for the numerial solution of these
nonlinear equations. It has been developed and applied [19℄ for the "polaron"problem
on the basis of the ontinuous analog of Newton's method (CANM) [30℄ .
Let us take into aount that the system of equations (34) an be simplified beause
the pairs of the funtions u, v and u1, v1 are satisfied by the same equations and differ
only by the normalized ondition. Therefore they an be represented by means of one
pair of funtions if speial notations are used:
u =
√√√√ 1
1 + C
u0; v =
√√√√ 1
1 + C
v0;
u1 =
√√√√ C
1 + C
v0; v1 =
√√√√ C
1 + C
u0;
∫ ∞
0
dx[u20(x) + v
2
0(x)] = 1; ρ0(x) = u
2
0(x) + v
2
0(x);
du0
dx
− 1
x
u0 − (1− φ(x))v0 = 0;
dv0
dx
+
1
x
v0 − (1 + φ(x))u0 = 0;
φ(x) = α0
1− C
1 + C
φ0(x); φ0(x) = [
∫ ∞
x
dy
ρ0(y)
y
+
1
x
∫ x
0
dyρ0(y)]. (35)
The energy of the system (15) an also be alulated by these funtions
E(0) = m0
1− C
1 + C
[T +
1
2
α0
1− C
1 + C
Π];
T =
∫ ∞
0
dx[(u′0v0 − v′0u0)− 2
u0v0
x
+ (u20 − v20)];
Π =
∫ ∞
0
dxφ0(u
2
0 + v
2
0). (36)
and equations (35) an be obtained as the result of the variation of the funtional
(36).
The required solutions are to be normalized and this ondition defines the asymptoti
behavior of the funtions near the integration interval boundaries:
u0 ≈ Ax[1 + 1− φ
2(0)
6
x2], v0 ≈ A1− φ(0)
3
x2, x→ 0;
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u0 ≈ A1 exp(−x), v0 ≈ −A1 exp(−x) x→∞. (37)
The quantity
a = α0
1− C
1 + C
, (38)
is a free parameter and it should be hosen from the ondition of the existene of
non-zero and normalized solution of equations (35).
In order to use the method developed in ref.[19℄ espeially for nonlinear eigenvalue
problems let us onsider instead of (35) the following system of equations:
duk
dx
− 1
x
uk − (k2 − φ(x))vk = 0;
dvk
dx
+
1
x
vk − (k2 + φ(x))u0 = 0;
∫ ∞
0
dx[u2k(x) + v
2
k(x)] = 1; ρk(x) = u
2
k(x) + v
2
k(x);
φ(x) = aφk(x); φk(x) = [
∫ ∞
x
dy
ρk(y)
y
+
1
x
∫ x
0
dyρk(y)]. (39)
Here the eigenvalue k2(a) is introdued when the parameter a is fixed. In this ase
the normalization and the boundary onditions
uk ≈ Ax[1 + k
2 − φ2k(0)
6
x2], v0 ≈ Ak
2 − φ(0)
3
x2, x→ 0;
uk ≈ kA1 exp(−kx), vk ≈ −A1 exp(−kx) x→∞ (40)
allow one to alulate k2(a) by means of the numerial method from ref. [19℄. Then
one should hange the parameter a in order to find the value a0 whih satisfies the
ondition
k2(a0) = 1. (41)
Let us onsider briefly the iteration proedure for alulating the funtions
uk(x), vk(x) and the value k. If (s) iterations are made, the desired values are de-
fined by some approximate expression
u
(s)
k (x), v
(s)
k (x) k
(s);
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∫ ∞
0
ρ
(s)
k (x)dx = 1, ρ
(s)
k (x) = [|u(s)k (x)|2 + |v(s)k (x)|2],
φ
(s)
k (x) = a[
∫ ∞
x
dy
ρ
(s)
k (y)
y
+
1
x
∫ x
0
dyρ
(s)
k (y)]. (42)
Then the following reurrent equations desribe the wave funtions and eigenvalues
for the subsequent iterations:
u
(s+1)
k (x) = A
(s){u(s)k (x) + τ [ψ(s)(x) + µ(s)ψ(s)µ (x)]},
v
(s+1)
k (x) = A
(s){v(s)k (x) + τ [ψ(s)1 (x) + µ(s)ψ(s)1µ (x)]},
k(s+1) = k(s) + µ(s), (43)
and the exat solutions are alulated as the limits of sequenes
uk(x) = lims→∞u
(s)
k (x), vk(x) = lims→∞ v
(s)
k (x), k = lims→∞ k
(s). (44)
Here τ < 1 is an arbitrary parameter determining the step of disretization for the
evolutional equation orresponding to CANM [30℄ for the onsidered problem (35).
The orretions ψ(s)(x), ψ
(s)
1 (x), ψ
(s)
µ (x), ψ
(s)
1µ (x) are supposed to be small if the zeroth
approximation is good. They an be alulated as the solutions of the nonhomogeneous
equations resulting from the initial problem (35) [19℄
dψ(s)
dx
− 1
x
ψ(s) − (k(s)2 − φ(s)k )ψ(s)1 = −[
du
(s)
k
dx
− 1
x
u
(s)
k − (k(s)2 − φ(s)k )v(s)0 ];
dψ
(s)
1
dx
+
1
x
ψ
(s)
1 − (k(s)2 + φ(s)k )ψ(s) = −[
dv
(s)
k
dx
+
1
x
v
(s)
k − (k(s)2 + φ(s)0 )u(s)0 ];
dψ(s)µ
dx
− 1
x
ψ(s)µ − (k(s)2 − φ(s)k )ψ(s)1µ = 2k(s)φ(s)k v(s)k ;
dψ
(s)
1µ
dx
+
1
x
ψ
(s)
1µ − (k(s)2 + φ(s)k )ψ(s)µ = 2k(s)φ(s)k u(s)k . (45)
The system of differential equations should be supplemented by the boundary on-
ditions resulting from (37)
ψ
(s)
1 (x)−
k(s)2 + φ
(s)
k (0)
3
xψ(s)(x) = −[v(s)(x)− k
(s)2 + φ
(s)
k (0)
3
xu(s)(x)], x→ 0,
k(s)ψ
(s)
1 (x) + ψ
(s)(x) = −[k(s)v(s)(x) + u(s)(x)], x→∞,
ψ
(s)
1µ (x)−
k(s)2 + φ
(s)
k (0)
3
xψ(s)µ (x) = 2x
k(s)
3
u(s)(x), x→ 0,
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k(s)ψ
(s)
1µ (x) + ψ
(s)
µ (x) = −v(s)(x), x→∞.(46)
The orretion µ(s) for the eigenvalue k(s) and the normalization amplitude A(s) are
alulated on the basis of the normalization ondition for the wave funtion. The first
order orretion for the normalization integral tends to zero by means of the available
hoie of the value µ(s) :
µ(s) = − Is
Iµs
;
Is =
∫ ∞
0
[u
(s)
0 ψ
(s) + v
(s)
0 ψ
(s)
1 ]dx;
Iµs =
∫ ∞
0
[u
(s)
0 ψ
(s)
µ + v
(s)
0 ψ
(s)
1µ ]dx. (47)
The oeffiient A(s) allows one to normalize funtions (43) for the subsequent iteration
with the seond order auray on the value µ(s). The onvergene of the onsidered
iteration sheme was proved in ref.[19℄ .
It is known [31℄, that the numerial solution of the differential equations (45) within
the interval [0,∞] is more effetive if the following logarithmi hange of variables is
used
x = eθ, θ = ln x, dx = eθdθ, −∞ < θ <∞, (48)
It allows one to distribute the nodes for the finite-differene approximation of equations
(45) in a nonuniform way. As a result the step of integration is small in the range
x ≤ 1, where the desired funtions are most signifiant, and inreases for large values
of x when the funtions are small.
Zeroth approximation for the reurrent equations (45) an be alulated by means
of the variational estimation for the funtional (36) using the following trial funtions
[15℄
u
(0)
k = Ax(1 + bx)e
−bx, v(0)k = Bx
2e−bx,
7A2 + 3B2 = 4b3. (49)
Thus, for example, the reurrent sequene (44) onverges quite quikly into the value
k(a) = 1.05 for the following initial values of the parameters
A =
√
2/7, B =
√
2/3, k(0) = 1, τ = 0.5, b = 1, a = −3.3. (50)
18
It is important that the variation of the initial approximation for the funtions and
parameters affets the speed of the iteration onvergene but does not hange the final
result for k(a). It orresponds to the only global extremum for the funtional (36).
The numerial solutions uk(x), vk(x), k(a) alulated with the fixed value a were
used further as the initial approximation for the iteration solution of the equations
(45) with the variation of the parameter a1 = a + ∆a. This proedure was repeated
until the ondition (41) was satisfied with some given auray. As a result a0 was
alulated up to 4 signifiant figures:
a0 ≈ −3.296, (51)
and this value orresponds to the desired soliton-like solution with nonzero harge.
The numerial analysis of the equations (35) in wide range of parameters has shown
that the only solution desribed above existed under the ondition that the funtion
u0 should not have zero points for the ground state. The value a0 an also be expressed
in terms of the integrals from the funtional (36) provided of its minimum relative to
the parameter δ = (1 − C)/(1 + C), whih defines the ontributions of the eletron
and positron omponents to SLE :
a0 = −T
Π
; E(0) = −m0
α0
Ta
2
. (52)
The alulated value of the integral
T = 0.749. (53)
Fig.1 shows the solutions u0, v0 of the Dira equation and Fig.2 represents the self-
onsistent potential φ0 orresponding to the value a0. The harateristi size ∆r of
the spatial loalization of the exitation is defined by the parameter
∆r ≈ m−10 . (54)
The equations (28) and (34) lead to the following relation between the "bare"harge
e0 and the integral harge of SLE:
e0
(1− C)
(1 + C)
= e;
e e0 = 4πa, e =
4πa
e0
≈ −41.42
e0
. (55)
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 equation for SLE
It is of interest that the formula (55) has the same struture and onsequenes that
result from the Dira monopole theory[20℄ despite of a different physial interpretation.
In partiular, if the alulated self-loalized one-partile exitation of the eletron-
positron field (EPF) ould be onsidered as a "physial"eletron the only possible
value of the parameter a0 together with the ratio (55) leads to the ondition of the
observed harge quantization with the fixed value of the "bare"harge e0. Indeed, on
the analogy with the "polaron"theory [32℄,[33℄ n-partile exitation of EPF an be
onsidered as the superposition of n different SLE' that are at the distanes exeeding
the size of loalization ∆r. Then the harge of suh n-soliton exitation qn would be
always multiple to the elementary harge of SLE qn = ne.
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IV. EPF QUASI-PARTICLE EXCITATION WITH AN ARBITRARY MOMENTUM
In the previous setion we have onsidered the possibility for a resting quasi-partile
with a non-trivial self-onsistent harge distribution, the finite energy E(0) and a zero
total momentum
~P = 0 to exist in the framework of a nonperturbative QED.
The obtained solution allows one to imagine the internal struture of the resting
"physial"eletron (positron) as a strongly oupled state of harge distributions of the
opposite sign, the large values of integral harges of these distributions ompensating
eah other almost ompletely and their heavy masses being "absorbed"by the binding
energy.
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Atually the energy ±E(0) defines the boundaries of the renormalized eletron and
positron zones resulting from the strong polarization of EPF when the exitation
appears. But this exitation ould be interpreted as the "physial"eletron (positron)
if the sequene of the levels in every zone determined by the vetor
~P 6= 0 (Fig.1)
were desribed by the relativisti energy spetrum of real partiles, that is
E( ~P ) =
√
P 2 + E2(0) =
√
P 2 +m2. (56)
Only in this ase the energy E(0) an really be used for alulating the mass m0 of
the "bare"eletron.
It is worth saying, that the problem of studying the dynamis of the self-loalized
exitation should be solved for any system with a strong interation between quantum
fields in order to alulate its effetive mass. For example, a similar problem for Pekar
"polaron"[10℄ in the ioni rystal was onsidered in papers [34℄,[11℄, [12℄, [9℄, [16℄ and
in many more reent works. It is essential that beause of the non-linear oupling
between the partile and a self-onsistent field the energy dispersion E( ~P ) for the
quasi-partile proves to be very ompliated. As the result, its dynamis in the rystal
is similar to the motion of the point "physial"partile only at a small enough total
momentum.
However, in the ase of QED the problem is formulated in a fundamentally different
way. There is urrently no doubt that the dynamis of the "physial"exitation should
be desribed by the formula (56) for any (!) values of the momentum
~P . It means that
the onsidered nonperturbative approah for desribing the internal struture of the
"physial"eletron should lead to the energy dispersion law (56) for the entire range
of the momentum
~P .
The rigorous method of taking into aount the translational symmetry in the strong
oupling theory for the "polaron"problem was elaborated in the works of Bogolubov
[11℄ and Gross [16℄. Let's remember that this method was based on the introdution of
the olletive variable
~R onjugated to the total momentum operator ~ˆP , the anonial
harater of the transformation aused by three new variables Ri being provided by
the same number of additional onditions imposed on the other variables of the system.
In the "polaron"problem the quantum field interating with the partile ontributes
to the total momentum of the system. It allows one to impose these onditions on the
anonial field variables [11℄, [16℄ and the onrete form of the variable transformation
is based mainly on the permutation relations for the boson field operators.
The onsidered problem has some speifi features in omparison with the "po-
laron"problem. Firstly, the formation of the one-partile wave paket is the multi-
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partile effet beause this paket inludes all initial states of EPF as the fermioni
field. Seondly, its self-loalization is provided by the polarization potential of the
salar field that doesn't ontribute to the total momentum of the system. Therefore,
we use a different approah in order to selet the olletive oordinate
~R. Let us return
to the onfiguration representation in the Hamiltonian (1) , where QED is onsidered
to be the totality of N (N →∞) point eletrons interating with the quantum EMF
in the Coulomb gauge [23℄:
Hˆ =
N∑
a=1
{~αa[~ˆpa + e0 ~ˆA(~ra)] + βam0 + e0ϕˆ(~ra)} −
1
2
∫
d~r(~∇ϕˆ(~r))2 +∑
~kλ
ω(~k)nˆ~kλ;
ω(~k) = k; nˆ~kλ = c
+
~kλ
c~kλ; λ = 1, 2;
~ˆA(~r) =
∑
~kλ
1√
2kΩ
~e(λ)[c~kλe
i~k~r + c+~kλe
−i~k~r] (57)
Here Ω is the normalized volume; c+~kλ(c~kλ) are the operators of the reation (annihi-
lation) of quanta of a transversal eletromagneti field, the quantum having the wave
vetor
~k, polarization ~e(λ) and energy ω(~k) = k. The sign of the interation operators
differs from the standard one beause the parameter e0 is introdued as a positive
quantity.
As it was stated above the zero approximation of nonperturbative QED is defined
only by a strong interation of eletrons with the salar field, where the interation
with the transversal field is to be taken into aount in the framework of the stan-
dard perturbation theory when the onservation of the total momentum is provided
automatially [25℄. Therefore, while desribing the quasi-partile exitation we should
onsider the onservation of the total momentum only for the system of eletrons. In
the onsidered representation it is defined by the sum of the momentum operators of
individual partiles
~ˆP =
N∑
a=1
~ˆpa;
~ˆP |Φ1( ~P ) >= ~P |Φ1( ~P ) > . (58)
It means that in the onfiguration spae the variable
~R onjugated to the total
momentum is simply a oordinate of the enter of mass and the desired transformation
to new variables is as follows:
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~ra = ~R+ ~ρa; ~R =
1
N
N∑
a=1
~ra;
N∑
a=1
~ρa = 0;
~ˆpa = −i~∇a = − i
N
~∇R + ~ˆp′a; ~ˆP = −i~∇R; ~ˆp′a = −i~∇ρa +
i
N
N∑
b=1
~∇ρb;
N∑
a=1
~ˆp′a = 0.(59)
The Hamiltonian (57) with new variables is of the following form
Hˆ =
N∑
a=1
{~αa[− i
N
~∇R + ~ˆp′a + e0 ~ˆA(~ρa + ~R)] + βam0 + e0ϕˆ(~ρa + ~R)} −
1
2
∫
d~r(~∇ϕˆ(~r))2 +∑
~kλ
ω(~k)nˆ~kλ. (60)
It should be noted that the matrix elements of an arbitrary operator in a new on-
figuration representation are to be alulated in aordane with the following norm
(we introdue a speial notation for this norm)
<< Φ1|Mˆ |Φ2 >>=
∫
d~R
∏
a
d~ρaΦ
∗
1(
~R, {~ρa})MˆΦ2(~R, {~ρa}). (61)
Let us denote by Hˆ0 that part of the operator (60) whih doesn't depend on the
transversal EMF and desribes the internal struture of "physial"partiles. In fat, the
operator Hˆ0 doesn't depend on the oordinate ~R either, beause of its ommutativity
with the operator of the total momentum of the system of eletrons. This also follows
from the well known result [23℄ that in the Coulomb gauge the salar potential ould be
exluded from the hamiltonian. As a result the operator Hˆ0 depends only on the vetor
differenes (~ra−~rb) = (~ρa− ~ρb) and doesn't hange with the simultaneous translation
of all the oordinates. As a onsequene, the eigenfuntions of the hamiltonian Hˆ0
depend on the oordinate
~R in the same way as for a free partile:
Φ(~R, {~ρa}) = 1
(2π)3/2
ei
~P ~R|Φ1( ~P , {~ρa}) >;
Hˆ0 → Hˆ0( ~P ) =
N∑
a=1
{~αa[ 1
N
~P + ~ˆp′a] + βam0 + e0ϕˆ(~ρa)} −
1
2
∫
d~r(~∇ϕˆ(~r))2 (62)
Further alulations onsist in returning to the field representation by the variables
~ρa in the limit (N → ∞) and in using the approximate trial wave paket |Φ1( ~P ) >
similar to (4) but with the oeffiient funtions depending on
~P . Thus, in the frame-
work of non-perturbation QED the orthogonalized and normalized set of states for the
EPF one-partile exitation is defined as follows
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|Φ(0)1 ( ~P ) >≃
1
(2π)3/2
ei
~P ~R
∫
d~q{U~qs( ~P )a+~qs + V~qs( ~P )b+~qs}|0; 0;ϕ(~r) >; (63)
with the norm (61) and the oeffiient funtions U~qs( ~P ); V~qs( ~P ).
Using the oordinate representation for these funtions
Ψν(~r, ~P ) =
∫ d~q
(2π)3/2
∑
s
U~qs( ~P )u~qsνe
i~q~r;
Ψcν(~r,
~P ) =
∫ d~q
(2π)3/2
∑
s
V~qs( ~P )v~qsνe
i~q~r, (64)
one an find the following funtional for alulating the value E( ~P ) = E
(0)
1 − E(0)0
orresponding to the energy of one-partile exitation with an arbitrary momentum
E( ~P ) =
∫
d~r{Ψ+(~r, ~P )[(~α~P − i~α~∇+ βm0) + e01
2
ϕ(~r, ~P )]Ψ(~r, ~P )−
Ψ+c(~r, ~P )[(−~α~P − i~α~∇ + βm0) + e01
2
ϕ(~r, ~P )]Ψc(~r, ~P );
ϕ(~r, ~P ) = e0
∫ d~r′
|~r − ~r′| [Ψ
+(~r′, ~P )Ψ(~r′, ~P )−Ψ+c(~r′, ~P )Ψc(~r′, ~P )];
∫
d~r[Ψ+(~r, ~P )Ψ(~r, ~P ) + Ψ+c(~r′, ~P )Ψc(~r′, ~P )] = 1. (65)
It should be noted that the mean value of the operator Hˆ0( ~P ) in the representation
of the seond quantization was alulated by taking into aount the expression
lim
N→∞
1
N
∑
~p
= 1,
that follows from a well known formula for the density of states when EPF is quantized
within the normalized volume Ω [25℄.
It was mentioned above, that there is quite a lose analogy between the nonpertur-
bative desription of QED and the theory of strong oupling in the "polaron"problem.
Therefore, it is of interest to ompare the obtained funtional (65)with the results
of various methods of inluding the translational motion in the "polaron"problem.
The simplest one was used by Landau and Pekar [34℄ who introdued the Lagrange
multipliers in the form
J( ~P ) = J( ~P = 0) + ( ~P ~V ), (66)
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with the funtional J( ~P = 0) referring to a resting "polaron"and the Lagrange
multiplier Vi denoting the omponents of the quasi-partile average veloity.
We an see that the obtained funtional(65) has the same form as (66)if the rela-
tivisti veloity of the exitation is determined by the formula
~V =
∫
d~r{Ψ+(~r, ~P )(~α)Ψ(~r, ~P ) + Ψ+c(~r, ~P )(~α)Ψc(~r, ~P )}. (67)
This orresponds to the well known interpretation of Dira matrixes.
Varying this funtional by taking into aount the normalized onditions leads to
the following equations for the wave funtions
{(~α~P − i~α~∇+ βm0) + e0ϕ(~r, ~P )− E( ~P )}Ψ(~r, ~P ) = 0;
{(~α~P + i~α~∇− βm0)− e0ϕ(~r, ~P )− E( ~P )}Ψc(~r, ~P ) = 0. (68)
These equations show that unlike the "polaron"problem [11℄, the translational mo-
tion of the quasi-partile determining the momentum
~P is related in our ase to its
internal movement desribed by the oordinate ~r by means of spinor variables only.
The physial reason for this separation of variables is explained by the fat that in
QED the self-loalized state is formed by the salar field, and its interation with
the partile doesn't involve the momentum exhange. In order to find the analytial
energy spetrum E( ~P ) the system of non-linear equations(68 should be diagonalized
relative to the spinor variables. The possibility of suh diagonalization seems to be a
non-trivial requirement for the nonperturbative QED under onsideration.
The solution of the equations (68) an be found on the basis of the states for whih
the dependene on the vetor ~q in the wave paket amplitudes U~q,s, V~q,s remains the
same as it was in the motionless "physial"eletron. However, the relation between
the spinor omponents of these funtions an be hanged. But as the self-onsistent
salar potential involves the summation over all spinor omponents it an be assumed
that the potential doesn't depend on the momentum for the lass of states in question:
ϕ(~r, ~P ) = ϕ(r)|~P=0. (69)
In the oordinate representation the transformation of the spinor omponents of the
wave funtions satisfying the equations (68) takes plae beause of the dependene on
the momentum. It seems that there are some general arguments based on the Hamil-
tonian symmetry that make the diagonalization of equations (68) easier. However,
we have desired the solution by sorting out various linear ombinations of the wave
26
funtions found in Setion 3 for a resting eletron. These funtions orrespond to the
degenerated states in the ase of
~P = 0 but are mixed for a moving eletron. It is
found that there is only one normalized linear ombination satisfying all the neessary
onditions of self-onsisteny :
Ψ(~r, ~P ) = L( ~P )Ψ(~r) +K( ~P )Ψ˜c(~r);
Ψc(~r, ~P ) = L1( ~P )Ψ
c(~r) +K1( ~P )Ψ˜(~r);
|L|2 + |K|2 = |L1|2 + |K1|2 = 1. (70)
The ondition (69) aording to whih the potential doesn't depend on the momen-
tum for the exitation at the energy E( ~P ), is fulfilled if the oeffiients are related
as
L1 = −K; K1 = L. (71)
These relations are also onsistent with Equations (68) for wave funtions.
This means that the "physial"eletron moves in suh a way that its states are
transformed in the phase spae of the orthogonal wave funtions (22),(26),(30),(31)but
the amplitudes of its "internal"harge distributions are not hanged. These results,
however, are valid only for the ase of negleting the interation with the transverse
eletromagneti field.
Substituting the superpositions (70) into equations (68) we use the following rela-
tions:
(~α~P )Ψ(~r) =

 if(r)(~σ ~P )Ω1/2,1,M
g(r)(~σ ~P )Ω1/2,0,M

 ; (~α~P )Ψc(~r) =

 g1(r)(~σ ~P )Ω1/2,1,M
−if1(r)(~σ ~P )Ω1/2,0,M

 ;
(−i~α~∇+ βm0 + e0ϕ)Ψ(~r) = E(0)

 g(r)Ω1/2,0,M
if(r)Ω1/2,1,M

 ;
(−i~α~∇+ βm0 + e0ϕ)Ψc(~r) = −E(0)

−if1(r)Ω1/2,0,M
g1(r)Ω1/2,1,M

 ,(72)
and similar formulas for the funtions Ψ˜(~r); Ψ˜c(~r); σi are the Pauli matrixes.
For equations (68) to be fulfilled for any vetor ~r it is neessary to set the oeffiients
of spherial spinors equal to the same indexes l. The orresponding radial funtions are
proved to be the same under these onditions, and the following system of equations
for the spinors χ±0,1 is obtained
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iL(~σ ~P )χ+1 +K(E + E0)χ
+
1 = 0; iK(~σ
~P )χ+0 + L(E − E0)χ+0 = 0;
L(~σ ~P )χ+0 + iK(E + E0)χ
+
0 = 0; K(~σ ~P )χ
+
1 + iL(E − E0)χ+1 = 0;
L1(~σ ~P )χ
−
1 − iK1(E − E0)χ−1 = 0; K1(~σ ~P )χ−0 − iL1(E + E0)χ−0 = 0;
iL1(~σ ~P )χ
−
1 −K1(E − E0)χ−1 = 0; iK1(~σ ~P )χ−0 − L1(E + E0)χ−0 = 0. (73)
Spin variables in Equations (73) are also separated. In order to show this one an
use, for example, the relation between the oeffiients resulting from the 4th equation
in (73) in the first one of these equations:
χ+1 = i
K(~σ ~P )χ+1
L(E − E0) .
As aresult there exists a non-trivial solution of these equations for two branhes of
the energy spetrum
Ee,p = ±
√
E20 + P
2, (74)
referring to the eletron and positron zones, respetively (Fig.1). The same expres-
sions an be obtained for all onjugated pairs of the equations in (73). The oeffiients
in the wave funtions (70) an be found taking into onsideration the normalization
ondition:
Le = Ke1 =
P√
P 2 + (Ee − E0)2
; Ke = −Le1 =
Ee − E0√
P 2 + (Ee − E0)2
;
Lp = Kp1 =
P√
P 2 + (Ee + E0)2
; Kp = −Lp1 = −
Ee + E0√
P 2 + (Ee + E0)2
. (75)
One an see that this set of oeffiients oinides with the set of spinor omponents
for solving the Dira equation for a free eletron with the observed mass m = E0.
Thus, the results of this setion show that the "internal"struture of the "physi-
al"eletron (positron) onsidered in this paper is onsistent with the experimental
energy dispersion (74) for a real free partile due to the relativisti invariane of the
Dira equation.
For the interpretation of the wave paket (63) as the state vetor for a "physi-
al"partile it is essential that it is the eigenvetor of the total momentum of EPF in
the framework of the onsidered "quenhed QED". It means that SLE with different
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momenta form the set of orthogonal and normalized funtions if the ondition (61) is
taken into aount:
<< Φ
(0)
1 ( ~P1)|Φ(0)1 ( ~P ) >>= δ( ~P − ~P1). (76)
V. CONCLUSIONS
Thus, in the present paper new variational self-onsistent equations for interating
eletron-positron and salar eletromagneti fields have been derived in the framework
of the "large-α QED". These equations differ from the Shwinger-Dyson equations and
desribe the one-partile exitation of the system that doesn't ontain the quanta of
the transversal eletromagneti field.
The soliton-like solution of the desired equations has been alulated numerially.
It inludes a non-zero integral harge ("harge"soliton) and an be regarded as the
spatially loalized olletive exitation of the eletron-positron field oupled with the
loalized salar field. It is shown that this solution is unique if the oupling onstant
α0 for the field interation is fixed. This result leads to the quantization ondition for
the "observed"harge of n-soliton exitations of the system.
The dependene of the energy of the soliton-like exitation on its total momentum
has been also studied. It is shown that the orresponding law of the energy dispersion
is onsistent with Lorentz invariane of QED and the effetive mass of the "harge
soliton"an be alulated.
It should be emphasized that the main aim of the paper is to prove the possibility of
the existene of suh non-trivial solutions of the "large-α QED"equations that ould
not be derived on the basis of the standard perturbation theory. However, the physial
interpretation of the desired solution requires further researh.
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